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Abstract: Let G = (V| E) be a graph with n vertices. A bijection f from V to the set of
integers {1,2,...,n} is called a distance magic labeling of G if for every vertex in G the sum
of labels of all adjacent vertices equas the same number k. A graph that allows such a labeling
is a distance magic graph. For graphs with an even number of vertices there is an elegant
construction of r-regular distance magic graphs for all feasible values of r. For graphs with an
odd number of vertices some necessary and several sufficient conditions are known for a graph
to have a distance magic labeling. In this paper we focus on distance magic graphs of high
regularity: we provide constructions of (n — 5)-regular distance magic graphs with n vertices.
Magic labelings are used in tournament scheduling.

Keywords: labeling, distance magic, regular graph.

1 Introduction and definitions

All graphs in this paper are finite, undirected without loops and multiple edges. A distance
magic labeling of a graph G with n vertices is a bijection f : V(G) — {1,2,...,n} with the
property that there exists an integer k such that for every vertex x is

w(z)= > fly) =k

yEN (z)

where N(z) is the set of all vertices adjacent to x. The constant k is the magic constant and
w(x) is the weight of vertex x. We say a graph is distance magic if it admits a distance magic
labeling.

For convenience we identify vertices with their labels, e.g. vertex labeled 1 we call vertex 1.
An example of a distance magic graph are in Figures 1 and 4.

!'The work of the first author was supported by The Ministry of Education, Youth and Sports from the
National Programme of Sustainability (NPU II) project “IT4Innovations excellence in science — LQ1602”.
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Figure 1: A 14-regular distance magic graph with 19 vertices and its complement.

2 Known results

The concept of distance magic labelings was introduced independently by several authors.
Formerly, it was called 1-vertex magic vertex labelings [9] or X-labelling [5].

There is a survey on distance magic labelings by Arumugam, Fronc¢ek, and Kamatchi [1].
Here, we summarize results relevant to this paper, we focus on regular graphs. Most necessary
conditions for a distance magic labeling of a given graph to exist are based on counting argu-
ments and parity. Sufficient conditions involve constructions. For a distance magic labeling f
of G with n vertices holds the following [9]:

nk = deg(x) f(x), (1)
zeV(Q)

where deg(z) is the degree of vertex x. Thus, the magic constant of regular graphs is determined
uniquely. In any r-regular distance magic graph G is

k=rn+1)/2. (2)

In [1], it was shown that the magic constant is determined uniquely for every distance magic
graph.

From (2) it follows that a regular distance magic graphs can exist only if r is even or n is
odd. The existence of distance magic labelings with an even number of vertices was completely
settled by Froncek, Kovarova and the first author [3,4] who investigated the relation of regular
distance magic graphs to scheduling of incomplete tournaments. The following proposition
from [3] gives a necessary and sufficient condition for a distance magic graph with an even
number of vertices to exist.

Proposition 2.1 For n even a FIT(n, k) exists if and only if 1 <k <n—1, k=1 (mod 2)
and either n =0 (mod 4) orn=k+1=2 (mod 4).

An analogous simple condition for regular distance magic graphs with an odd number of vertices
does not exist, because there are several exceptions for small orders. In [6] all orders of 4-regular
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distance magic graphs with an odd number of vertices were characterized; the smallest example
has 17 vertices.

In [7] all (n — 3)-regular distance magic graphs were characterized: they exists if and only
if n =3 (mod 6). Moreover, they are isomorphic to a balanced complete n/3-partite graph. In
this paper we extend the results of Froncek [2] and of Silber and the first author [7].

In the next section we provide a construction of (n — 5)-regular handicap graphs. For
convenience, the construction describes the graph complement, which is a 4-regular graph with
an auxiliary labeling. In an (n — 5)-regular distance magic graph the weight of every vertex is
E=r(n+1)/2=(n—5)(n+1)/2. In a complete graph with vertices labeled 1 through n, the
weight (obtained as the sum of adjacent vertices) is

wi) =Y i—i=n(n+1)/2—1.
i=1
Thus, in the 4-regular complement of a (n—5)-regular distance magic graph the weight of every
vertex is

w()=nn+1)/2—i—(n—=>5)(n+1)/2=5(n+1)/2 —i. (3)

The constructive proof deals with several cases modulo 12, for each case a different distance
magic graph is constructed. We provide details for one of the cases and only a basic idea for
the remaining cases. In the conclusion we summarize the result in a single statement for all
feasible orders.

The motivation for distance magic labeling comes from scheduling incomplete tourna-
ments [1].

3 Kotzig array

Kotzig arrays are a generalization of magic rectangles [8]. In this paper we use the following
array for n = 2t + 1.

1 2 -t b+l t+2 43 - 2 241
4y = [46+2 A - 244 242 M1 M—1 - 245 243 (4)
5t+3 BHt4+4 - 6t+2 6t+3 4t+3 4t+4 - St4+1 5t+2

Notice, every integer 1,2,...,3n = 6t + 3 appears in the array precisely once: 1,2,...,2t + 1
in the first row, 2t + 2,2t + 3,...,4t + 2 in the second row and 4t + 3,4t + 4, ...,6t + 3 in the
third row. Moreover, the sum of every column is 9t 4 6.

Lemma 3.1 The sum of the first and the last entry of column of the Kotzig array (a;j) con-
taining 3t + 2 is 6t +4. All remaining columns of the Kotzig array can be paired so that for the
pair x, y of columns is a1, + azy = Qo + G2y = a3 + a1y = 61 + 4.

Proof. The first part of the claim is obvious: since the sum of each column is 9¢ 4+ 6, the sum
of the remaining two elements in the column besides 3t + 2 is 6t + 4.

The proof of the second part follows. Wlog let < y. For x € {1,2,...,[t/2]|} take
y=t+2—x. Theny e {2+ [t/2],...,t+1}. Now a1, +as, =+ (6t +4 —x) = 6t + 4,
Aoy + gy = (4t +4—22) 4+ (2t +22) = 6t +4, and ag, + a1, = (bt +2+2) + (1 +2—2) = 6t + 4.
Similarly, for « € {t +2,¢t +3,...,|3t/2]} take y = 3t + 3 — x. Again, one can check that
alx—i—agy:a2x+a2y:a3x+a1y:6t+4. OJ
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4  Orders of all (n — 5)-regular distance magic graphs

In this section we show for which orders there exists an (n—>5)-regular distance magic graph.
The proof is constructive. As stated before, it suffices to give for the 4-regular complement G
an auxiliary labeling f, where the weight of every vertex i is w(i) = 2(n + 1) — ¢, following the
convention f(i) = 1.

Lemma 4.1 An (n—>5)-regular distance magic graph G with n vertices, where n =5 (mod 12),
exists for alln > 17.

Proof. Let n = 12k + 5 for n > 17, denote ¢t = 2k. Let G be a 4-regular graph consisting
of k 4+ 1 components: one component K5 (see Figure 2) and k& components C4[Cs], which is a
composition of Cy and Cj, see Figure 3.

Let (a;;) be a Kotzig array with 3 rows and 2¢ 4+ 1 columns, let j be the column of the
array containing 3t + 2. Let uy, uo, ..., us be the vertices of K5. We define auxiliary labeling f
as follows.

flur) =1, flu) =1+ar;, f(uz)=14as;, flw)=1+as;, flus)=6t+5

The weight of each vertex in K3 is the sum of labels of all remaining vertices.

_ +1)/2 -
uy) = 15t +14 —ay; = 5(n+1)/2 — fluy),
(

(uy) 15t + 14 =5(n + 1,
(u2) )

w(ug) = 15t +14—ay; =5(n+1)/2 — f(us),
(us) )
(us) /(

g

Uy

= 15t+14—a3]—5(n+1/2— <U4),
= 9%+10=5(n+1)/2—

Uq

U5)

g

Us
since a1 ; + asj + as; = 9t + 6. Notice, the weights follow (3).

1

1+a17j 6t + 5

1+az; 1+as;
Figure 2: An auxiliary labeling of K.

Next, we extend labeling f to vertices of the k-th component Cy[C3]. We take two pairs
(z,y) and (w, z) of columns of the Kotzig array guaranteed by Lemma 3.1. We label the vertices
in C4[C5] as shown in Figure 3. Now, the weight of 1+ a;, (vertex labeled 1+ a; ) is

wl+az) = ((1+a2q) + (1 +as)) + ((1+a10) + (1 +a32))
= (+8—ay,)+(6t+6)=15t+14—a;, =5(n+1)/2 — flar.).

Again, the weight follows (3). In the same fashion we label all C5[Cy] components always with
numbers from a different pair of columns from the Kotzig array. Thus, labeling f is an auxiliary
labeling of G with 12k + 5 vertices, where G has one component K5 and k components C5[Cy].
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Figure 3: An auxiliary labeling of a component C4[Cs].

Complement G is a connected 12k-regular graph with 12k + 5 vertices. Using the same labels
for every vertex as in f, by (3) we obtain a labeling that has the same weight for every vertex.
Clearly, the labeling is a 1-to-1 mapping to the set of {1,2,...,12k 4+ 5}, thus f is a distance
magic labeling of an (n — 5)-regular graph with n vertices. O

A similar construction was found for n = 1,3,7,9,11 (mod 12). Each construction uses
heavily Lemma 3.1, just the first component differs for each case. We provide the full construc-
tions in the journal paper published after the conference.

5 Conclusion

The main objective of this paper is to study the existence of regular distance magic graphs
with an odd number of vertices. For graphs with an even number of vertices a single construction
always works. The odd case requires several different approaches since many exceptional cases
do not allow for a distance magic graph, unlike the even case.

A brute force computer search reveals, no (n — 5)-regular distance magic graph with less
than 15 vertices exists. An example of an (n — 5)-regular distance magic graph with 15 vertices
is in Figure 4.

Based on Lemma 4.1 and analogous lemmas for n = 1,3,7,9,11 (mod 12) we coclude the
following.

Theorem 5.1 An (n — 5)-reqular distance magic graph G with n vertices exists for all odd
feasible values n > 15.
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Figure 4: A distance magic 10-regular graph with 15 vertices.
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HUSTE DISTANCNE MAGICKE GRAFY

Abstrakt (Streszczenie): Méjme graf G = (V, E') s n vrcholy. Bijektivni zobrazeni f mnoziny
V do {1,2,...,n} se nazyva distancné magické ohodnoceni grafu G, jestlize pro kazdy vrchol
grafu G je soucet ohodnoceni sousednich vrcholi roven stejné hodnoté k. Graf, pro ktery takové
ohodnoceni existuje, nazyvame distancné magicky graf. Pro grafy se sudym poctem vrcholu ex-
istuje jednoducha konstrukce r-pravidelnych distanéné magickych grafti pro vsechny pripustné
pravidelnosti r. Pro grafy s lichym poc¢tem vrcholi jsou znamy nékteré nutné podminky exis-
tence a nékolik konstrukei pro nékteré pravidelnosti. V tomto ¢lanku se vénujeme konstrukei
distanéné magickych grafi s vysokou hodnotou r: konstruujeme (n — 5)-pravidelné distanéné
magické grafy s n vrcholy. Magicka ohodnoceni se vyuzivaji pti losovani sportovnich turnaju.
Klicova slova (Stowa kluczowe): ohodnoceni, distancné magicky graf, pravidelny graf.
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