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Abstract: The optical diffraction on a periodical interface belongs to relatively less exploited
applications of the boundary integral equations method. This contribution presents a less
frequent formulation of the diffraction problem based on vector tangential fields. There are
discussed properties of obtained boundary operators with singular kernel and several problems
related to a numerical implementation.
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1 Introduction

The diffraction of an optical wave on a periodical interface between two media belongs
to frequently solved problems, especially, when the grating period A is comparable with the
wavelength A of the incident beam. Among other, these phenomena are studied and exploited
for nanostructured optical elements design. Naturally, the theoretical modelling is of great
importance in such cases. In the last two decades, there were published numerous works treating
of the optical diffraction in periodical structures - see [1] and references therein. One of the
relatively new approaches is based on the Boundary Integral Equations (BIE). In this article, we
present one special integral formulation of the boundary problem for the system of the Maxwell
equations based on the tangential vector fields and propose a numerical implementation. Unlike
the usually used rigorous coupled waves algorithm (RCWA) advantageous in the far fields
analysis [1], the BIE models enable effective modelling of near fields in the spatially modulated
region.

2 Formulation of problem

Let S : z3 = f(x1) in R® be a smooth surface that is periodically modulated in the
coordinate x; with the period A and uniform in the x5 direction. The interface S with the
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normal vector v divides the space into two semi-infinite homogeneous domains
Q(l) = {(1]1,[L‘2,[E3) S RS, T3 > f([El)}7 Q(Q) = {(ZL‘hZEQ,J}g) € R37 T3 < f(l’l)}

with the constant relative permittivities e # £® ) ¢ R and e® € C, Re(c?) > 0,
Im (¢®) > 0, and, the relative permeabilities ") = ) = 1 (both the materials are magneti-
cally neutral), see Fig.1.
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Figure 1: Semi-infinite domains with common periodical boundary

We aim to solve the optical diffraction problem for a monochromatic plane wave with
the wavelength A, i.e. with the wave number ky = 27/, that is incoming from the domain
QW under the angle of incidence § measured from the x5 direction. We seek for the space-
dependent amplitudes EVY) = E|qy, H 0 = H |qu) of the electromagnetic field intensity vectors
E(xy, 29, x3)e7 %" H(xy, 79, 73)e ! where w = ¢/ and ¢ represents the light velocity in the
free space. The unknown intensities can be written as (the subscript 0 denotes the incident
field)

p={ o w e " me{ R o
In the media without free charges, the vectors EV) HY, 7 = 1,2 fulfil the Maxwell equations
V x EV) = ik’o,uH(j), V x HY = —ikeeWEY in QU (2)
V- EY =, V-HY =0 in QU (3)

and their tangential components are continuous on the boundary
vx (EY —E@) =0 vx (HY —H®)=0 on S . (4)

For the far fields, the well-known Sommerfeld’s radiation convergence conditions at infinity
hold that enable to consider the problem on the common interface S only [3].
In the following we solve the problem (2)—(4) for the transverse magnetic (TM) polariza-

tion of the incident wave for which EVY) = (Efj), 0, E?()j)), HY = (0, Héj), 0). The Maxwell
equations (2),(3) lead to the Helmholtz equations for the scalar components HQ(] ),

AHY 4 2e0gY =0 on Q9 j=1,2 (5)
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Denoting & = (z1,x3), ¥y = (y1,y3), the periodical fundamental solution of the Helmholtz
equation in QU can be written as [7]

i 1
\Ij() (z,y) 2 A Z \I[ (x,y) \I/%)(w,y) =5 ollam(z1— —y1))+B9 | x5 —ys) 7 (6)

m=—00 m

where «,, 5,(,{) are the propagation constants defined as

2

am =a+ (2rm)/A, a=kVeWsing, o2 + (8Y) =kie? . (7)

In further considerations we exploit the following property of the functions W),

Theorem 1. For both of the function WY (x,y) defined by (6) and for an arbitrary but fized

x € R? the difference
1 1

V() = V0@, y) — 5oy

(8)

. . . 2
18 continuous in R*.

The proof of this theorem was presented in [9)].

3 Mathematical model

We formulate the problem (2)—(4) as the boundary integral equations for the tangential
fields

J:I/XE(U:I/XE(Z), I:—ny(l):_ny@), (9)

where v is an unit normal vector of the boundary S oriented as shown in Fig.1. Similarly, 7
represents an unit tangential vector of S. On the boundary we can write J = —Jse,, where
Jy=7-EV =7.E®; and, I = I,7, where I, = —H\" = —H{".

For the boundary points & = (£1,&3), n = (n1,7n3) on the interface Sy : n3 = f(m),
m € (0, A) we obtain the following system of the boundary integral equations [4]

Jo(&) = —Jo(&) — ikoTe - / L, (W — @)y g,
Sa

1 1 dI, 1oy 1 oo . )
— =7 / Ed_mv" <E‘P()_E‘I’( )dln +u§-/J2Vn(\IJ()—\IJ())dl,7, (10)
SA

I.(&) = —I,(¢ lkO/JQ \11(2))dl,,+/IT v, V, (W —v®) 4, (11)
SA

where the terms Jy(€) and Io(€) represent the incident wave in Q)
To derive these equations it was necessary to study properties of the integral operators

0w (x,n)

dl
ov,,

V(j)v(a:) — /U(TI)‘PU)(%TI) dl, . W(j)v(a:) = /v(’n)

SA Sa

n
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Ly(x) = /v(n)Vn\I/(j)(w,n) dl, , j=1,2 (12)
Sa
when the inner point @ tends to the boundary point & in the normal direction.
Whereas the first and the second of them are the well-known single and double layer
potentials, the third one is worth to mention.

Theorem 2. If S is the smooth boundary of the domain Q C R* with the unit outward normal
v and v € C(S), then

iy £0'0(2) = [ o)V, 00 (€,m) di, = SolEwe (13)

r—€
SA

where & € S, minus holds for x € Q and plus for x € R*\ Q.

This theorem is the vector generalization of the well-known statements for scalar integral
operators, see e.g. [8] , Chapter 6.
To simplify calculations we introduce the parametrization

m:{0.2m) 2 B2, w(t) = (p(t).q(t)) (14)

of the curve x3 = f(21) having the unit normal vector v(¢) with the norm v(t) = \/p/'(t)? + ¢'(t)?.
The resulting system of the boundary integral equations for the scalar components I and
Jy derived in [4] is of the following form:

27

—ikopuT(s) - /IT(t)‘T(t) (\Il(l)(s,t) - \11(2)(3,25)) v(t) dt

1 1
— —7(s)- v, |—p® - y®
o (s) /pIT(t) ¢ L(l)\ll (s,t) 8(2)\11 (s,t)| v(t) dt

- / L (0w () - V. [0 (s,8) — WO (s,8)] w(t) dt = —L,(s) (16)
0
where the functions \Il(j)(s,t) in the operators kernels are the parametrized periodical funda-
mental solutions (6) of the Helmholtz equation (5) in Q).
Note, that the singularity of the logarithmic type is of the key importance, because it

enables to split the operators into the compact ones with the continuous kernels and the other
with the logarithmic singularity:

T (s,1) = WD (s, ) + (s, ) (17)
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with the regular part

) ) ) 1 —im(s—t)
VO (s,t) =0 (s,0) + > (xpggg(s,t)——e—) , (18)

27 2|m|
m € Z
m # 0
and, the sigular one
1 s—1 1 e~ imls=t)
t) = —In|2si = — . 19
Yls,t) = 5o In|2sin— ‘ or ZZ 2lm| (19)

4 Numerical implementation

To solve the system of the boundary integral equations (15),(16) we use the collocation
method with 2N + 1 equidistant collocation points s; = 2 j=0,...,2N.

=
We seek for the discrete solutions
N N
L(s) =Y adr(s),  Ja(s) = ddi(s) (20)
k=0 k=0

with an interpolation basis {¢y}2Y,. The choice of the best basis functions system appears to
be very important. The system of trigonometric polynomials, linear splines (piecewise linear
functions) or cubic splines are the usual choices of basis functions. After experiments with
mentioned basis functions we prefer the system of trigonometric polynomials with the nodes
identical with the collocation points (¢x(s;) = dx;), i.e.
]. N 27ilk ot

= T 2N+1
IN + 1 ¢ e

i (1) k=0,1,2...,2N . (21)

{=—N

Furthermore, we find advantageous to take the order N of the boundary discretization
equal to the order of the diffraction modes truncation in the Green function (6), so that

N
WU (s, 1) ~ ﬁ Y ud(st), j=12. (22)
m=—N
Since the integral operators in the solved system are splitted by (17), we evaluate numeri-
cally the compact operators with the continuous kernels — the trapezoidal rule with the nodes
in the collocation points (i.e. t; = s;) gives sufficiently accurate results. The logarithmic-type
singular operators can be evaluated analytically [6].

5 Numerical results

As an example, we consider the smooth sine boundary

h 2
S x3:§<1—|—cos 7;51), x1 € (0,A) , A =500nm, h=>50nm
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between two regions with the indices of refraction ny = 1 (air) and ny = 1.5 (glass), n; = Vel).
The incident beam of the wavelength A\ = 632.8 nm propagates under the given angle of
incidence #. The Fig. 2 illustrates the increasing accuracy of approximation with growing
discretization order. As analytical solution of the problem is not available we compare numerical
solutions for various values of N.

Obtained results are demonstrated by the absolute value of the complex tangential compo-
nent of the field H at one period of the common boundary. The low discretization orders enable
more perspicuous view because the data calculated at collocation points are nearly equal (in
the graph) roughly for N > 30. Note that we aimed to functionality verification of presented
model as well as of proposed algorithm.

The distribution of reflected field \HQ(U] in the superstrate is demonstrated at the Fig. 3
near to the boundary for several incidence angles.
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Figure 2: The convergence of the used BEM algorithm (incidence angle 6 = 40°).

Conclusion

The result obtained using the presented BEM algorithm shows possible applicability of the
approach based on the tangential fields to the problems, in which the detailed analysis of the
diffracted optical field at an interface and/or in the near region is studied. We suppose to
exploit this method in future to the surface plasmon modelling.
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Figure 3: Reflected field \HQ(I)] for chosen incidence angle 6 (N = 50).
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MATEMATICKE MODELOVANI PERIODICKYCH DIFRAKCNICH
ULOH V OPTICE

Abstrakt: Opticka difrakce na periodckém rozhrani patii k relativné malo prouzkoumanym
aplikacim metody hrani¢nich integralnich rovnic. V pfispévku je popsdana méné obvykla for-
mulace difrakéni tlohy pomoci vektorovych tecnych poli. Dale jsou diskutovany vlastnosti
odvozenych integralnich operatort se singularnim jadrem stejné jako nékteré problémy souvise-
jici s numerickou implementaci.

Klicova slova: opticka difrakce, tecna pole, metoda hrani¢nich prvk.
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